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The main purpose of this article is to use Characteristic functions
method to solve some approximation problems in probability such as
Compound Poisson approximation, Gamma approximation, and Laplace
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Trich din: Lé Truong Giang va Trinh Hiru Nghiém, 2017. Phuong phap ham dac trung cho mot s6 dinh 1i
gi61 han trong xac suat. Tap chi Khoa hoc Truong Pai hoc Can Tho. 53a: 88-95.

1 GIOI THIEU

Mot trong nhitng két qua quan trong nhét ciia ly
thuyét xac suét 1a cac dinh ly gi6i han. Cac dinh ly
gidi han duogc biét nhu 1a nén tang cho céc suy luan
thong ké, phan tich tai chinh ciing nhu du béo
trong kinh doanh va nhiéu vin d¢ lién quan khac
(Feller, 1971a; Feller, 1971b; Nguyén Duy Tién va
Vi Viét Yén, 2000; Nguyén Duy Tién, 2000).
Chinh vi vdy, nhiéu nha toan hoc di tip trung vao
nghién ctru cac dinh 1y gidi han, trong s6 d6 dinh ly
gi6i han trung tim va luét s6 16n thudng duoc quan
tam nhiéu hon. Tuy nhién, trong thoi dai ngay nay,
mot s yéu cau thyc té doi hoi ta phai co nhiing co
s& 1y thuyét nim ngoai pham vi ciia hai bai toan
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n6i trén. D dén luc mot s6 bai toan ma nhimg g
dung ctia n6 trong thuc té can phai dugc quan tam
nhiéu hon (Kalashnikov, 1997; Nguyén Duy Tién,
2000; Minkova, 2010). Mot sb mg dung phai ké
dén nhu mg dung trong linh virc phén tich kinh té,
bao hiém, bai toan dau tu, buu chinh Vlen thong,
danh gia hiéu nang hé thong may tinh, y té...

Dé giai quyét cac bai toan xap xi trong xac suit,
cac nha toan hoc trong va ngoai nudc da st dung
nhiéu phwong phap khac nhau, ching han nhu ph-
uvong phap Stein (Barbour and Chen, 2004; Tran
Loc Hung and Le Truong Giang, 2016a), phuong
phap toan t (Renyi, 1970; Tran Loc Hung and Le
Truong Giang, 2014; Tran Loc Hung and Le
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Truong Giang, 2016b; Trinh Hru Nghi¢m va Lé
Truong Giang, 2016), phuong phap ham dac trung
(Eugene Lukacs, 1970; Tran Loc Hung ef al., 2008;
Tran Loc Hung and Tran Thien Thanh, 2010). Mobi
phuong phap déu co nhing wu diém ciing nhu han
ché riéng ctia n6. Trong khudn khd bai viét nay,
phuong phap ham déc trung s& dugc st dung dé
giai quyét bai toan xap xi Poisson phtre hop, xap xi
Gamma va xap xi Laplace. Céc ket qua nhan dugc
la sy tong quat héa mot sO két qua trong
Kalashnikov, 1997; Tran Loc Hung et al, 2008;
Tran Loc Hung, and Tran Thien Thanh, 2010;
Trinh Hiru Nghiém va Lé Truong Giang, 2016.

Bai viét dugc chia 1am bdn muc, muc mot danh
cho viéc giéi thiéu téng quan vin d& nghién ciru,
muc hai trinh bay d6i nét vé phuong phap ham dic
trung (dinh nghia, tinh chat va cic bo dé& quan
trong), muyc ba la phan dua ra cac két qua chinh cta
bai viét va muc bon 1a phan két luan.

2 PHUONG PHAP HAM DPAC TRUNG

Dinh nghia 2.1 Gia st F, 1a ham phan phdi
cua dai lugng ngau nhién X, ta goi ham bién thuc
@, (1),t € R duoc xdc dinh bang h¢ thire

400

0y ()= E(e™) = [ e"dF,(x)

—00
400

= I costxdF, (x)+ zJ‘ sin txdF, (x)

1a ham ddc trung clia phan phdi F, .

Mot vai tinh chit quan trong ctia ham dic tr-
ung:
L oy (D|< 9 (0)=1,VieR;
2. @, (2) lién tyc déu trén R;
3. Néu X va Y doc lap v6i nhau thi
VieR,

Proy (D=0, (0.0, (1). Do d6 néu
X, X,,...X, doclapthi VieR, ta

L O=TT 0,

4, Véi moi sb thue a va b
P (V) = eibt¢X (ab);

5. Néu E|X[" < oo voi n21 thi ¢, (t)

c6 dao ham dén cap 7 tai moi diém va

ta co

coq)

1 1

ta co
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§0§(k)(t) = I (ix)" eithFX (x) — ikE(Xkeizx )

Céc tinh chat nay dugc chimg minh chi tiét
trong nghién ciru cuia Eugene Lukacs, 1970; Renyi,
1970 va Feller, 1971b .

Cho N 1a bién ngdu nhién co gia tri nguyén,
khong am va X, X,,...., X,

nhién dgc 1ap, c6 cung phan phdi va ddc lap véi

. la cac bién ngau

N. Bién ngéau nhién
0, N=0
Sy =
X, +X,+.+X,, N=n
dugc goi 1a tong ngiu nhién. Dé don gian ta ki hi¢u
Sy =X, +X,+..+X,, trong d6 ta quy udc
Sy =0néu N=0.

Ta c6 hai bd dé quan trong sau lién quan dén
ham déc trung va dugc ap dung trong phén chimng
minh céc két qua chinh:

Bé d@é 2.1 Gia sit () = E(t") 1a ham sinh
ctia bién ngau nhién N va bién ngiu nhién X co
ham dic trung @, (£) = E(e™) . Khi d6 ham dic

trung cia S, dugc xac dinh nhu sau:
@5, )=y, [(/’X (t)]

Bé dé 2.2 Néu X 1a bién ngau nhién nhan gia
tri nguyén voi ham dic trung @, (¢) thi

P(X=k)= i j e "o, (dt, k=0,£1,12,...

K¥ thuat chimg minh cho hai b dé trén trong
nghién cuu ~cﬁa Eugene Lukacs,’ 1970; Feller,
1971b; Nguyen Duy Tién va Vil Viet Yén, 2000.

3 CACKET QUA CHINH

Trong céc muc sau ky hieu ——> duoc ding
dé chi sy hoi tu theo phan phdi cia cic bién ngau
nhién.

3.1 Bai toan xip xi Poisson phirc hop

Dinh nghia 3.1 Cho{X,,n>1}1a diy bién
ngau nhién doc 1ap cung phan phdi véi bién ngiu
nhién X, Z1a bién ngdu nhién c6 phan phdi

Poisson véi tham s6 A . Khi @0, tong ngiu nhién
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z . X
S, = Z}_:l X, dugc goi 1a bien ngau nhién co
phan phéi dugc Poisson phtc hop.

Ham dic trung cua S, duoc xac dinh la

¢S ( ) l(‘/’x() 1)

trung cua X .

, trong d6 @, (¢) 1a ham dic

Pinh Ii 3.1 Gia st {X,,n>1} la day
bién ngau nhién nhan gia tri nguyén, doc lap,
cing phan phdi véi bién ngiu nhién X.

Khi d6 VkeZ,_p €[0,1], ta 6
‘P k) (SZA = k)‘ < 22 p},trong  do
! i=1

z, ~Poisson(4,)(4, =D p) V& W,=3 ¥,
(Y, ~ Bernoulli(p,)).

Chtrng minh.

Ta c¢6 ham dic trung cua S, Ia

LLox (0)-1] _ no plex(1)-1

o, (t)=e Alox(0-1] _ " e Lox(01]

Do Y ~ Bernoulh( l.) nén ta c6 ham sinh cta
Yiawy, (1)=E@")=p,(t-1)+1.

Suy ra ham déc trung cua S, la

o5, (1)=wy, [0 (1)]= lj'/fy, [0 (1)]
-1 { Lox (0)-1]+1)

oy, (1)=05, (1)
1(pLox ()1 1) -]

ep[[tﬂx(f)*lj —1-p, [(DX (t)_lj‘

i=1
n
<2
i=1
n

<2 pl.

i=1

Theo Bb dé 2.2, ta ¢6
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P(s,, =k)-P(s,, =k)

|
_ E_[re ¢ ((DSWH ()-os, (l))dt
1 Va
N
<2 y pl2
i=1
Vay Vk € Z  , ta nhan dugc
‘P(SW ~k)-P(s, :k)‘SZZn:piz.
" i=1
Nhin xét 3.1VkeZ,, ta co
‘P =k)-P(s,, —k)‘<2z Pt <2maxp Y p.
Nén khi lim max p; = 0 va
limA, =lim»"" p, =2(0<A<+0)  thi
S, —>5,  (n—>w).

H¢ qud 3.1 Gia si {X,,n>1} la ddy bién

ngiu nhién doc 1ap, cung phan phdi va
W, ~ Binomial (n, p,) thoa mén
np, > A,p, >0 khi n—>o. Khi do,

Sy, ——8,.

Nhin xét 3.2 Ta nhan thdy ring hé qua 3.1 chi
la mot truong hop déc biét cua dinh 1y 3.1 khi xem
xét cac bién Y,i=12,..,n c6 cung phan phéi
Bernoulli véi tham sop,, (pl =p, :---:Pn)' Hé
qua ndy da dugc chung minh trong Tran Loc Hung
and Tran Thien Thanh, 2010.

3.2 Bai toan xip xi Gamma

Pinh nghia 3.2 Bién ngu nhién ¢ dugc goi
1a co phan phdi nhi thirc 4m véi tham sé duong
r,p(r=1,2,..;0< p<1), ki hiéu ¢ ~ NB(r, p),
néu X nhan cac gia tri k=r,r+1,.... véi xac
suat twong tmg la:

P({=k)=Clp (1-p) " k>

Ham ddc trung va ham sinh cua ' duoc xac

dinh trong tng nhu sau:
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o (1)= {ﬁ} v, ()= {ﬁ] .

Khi 7 =1 thi phan phdi nhi thirc 4m chinh la
phén phoi hinh hoc.

Dinh nghia 3.3 Bién ngiu nhién G duoc goi la
¢6 phan phéi Gamma véi hai tham s6 duong 7 va
A, ki higu G ~ Gamma(r,A), néu G c6 ham
mat do 1a

lf

r(r)

x"'e* khi x>0,

f(x)=

0 khi x<0,

+0
trong d6 ham F(r)= Ixr_le_xdx la ham
0
cia X 1

Gamma. Ham dac

) Hain]

Khi » =1 thi phan phdi Gamma chinh 1a phan

trung

. ) n 1 .
phoi mii. Khi 7 =5 va A =E thi phan phoi
Gamma dugc goi 1a phan phdi Chi- binh phuong.

Pinh 1i 3.2 Gia st {X,,n>1} 1a day cac bién
ngau nhién doc lap va cung phan phdi véi bién
nhien  X,véi X ~Exp(4). Goi
¢ ~ NB(r,p) va doc lap véi cac bién ngau

ngau

nhién X, n > 1. Khi d6 tong ngiu nhién
¢

S, = X, ~ Gamma(r,1p).
i=1

Chtng minh.

Ta c¢6 ham sinh cia bién ngiu nhién ¢ 1a

2 (t) = [Z%—(l—p)t} va ham ddc trung cua
A—t Khi do

bién ngau nhién X 1a (DX

ham dc trung cia S, 1a
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Vay S, ~ Gamma(r, Ap).

Khi r=1 (lic ndy phan phdi nhj thic am tro
thanh phan phoi hinh hoc), ta ¢6 hé qua sau

H§ qud 3.2 Gia st {X,,n>1} 1a ddy cac bién
ngau nhién doc 1ap va cing tuan theo phan phdi mii
voi tham s6 A, v ~ Geometric(p),0<p <1 va v
doc 1ap véi cac bién ngiu nhién X,,n>1.Khido,

S, =2 X, ~Exp(4p).

i=1

Nhdn xét 3.3 H¢ qua 3.2 da dugc chung minh
trong Tran Loc Hung and Tran Thien Thanh, 2010.

Dinh Ii 3.3 Gia sit {x, n>1} 1 day cic bién
ngau nhién nhan gia tri khong am, doc lap, clng
phan phéi v6i bién ngdu nhién X va c6 ky vong
hitu han E(X) =m < +o0. Dat ¢ ~ NB(r, p) va doc
1p v6i tht cd cac X, n>1. Khi do véi p—0" thi

3 S, = {1 X, va
E(S) B
g~ Gamma(r,%i).

Chtrng minh.

Goi ¢, (f) 1a ham dic trung cia bién ngdu
nhién X . Khi d6 ham dic trung ctia S ; duge xdc

dinh nhu sau:

o5 ()=vpc(1)]= { (P(0X§t)
S,

1= p) o, (1 )]

Tur d6, ta c6 ham déc trung cia
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w2 |
1—(1—p)¢x(frj

Ap dung khai trién Taylor cho ham Dy ton tai

E(S)

N . Pt
C ¢ gitra 0 va — sao cho
r

Py (%tj =0y (0)+£t¢; (c)=1 +§f¢}( (c)

Do do,
PPy (ftj
P, (t)_
5) 1—(1—p)(ox(th
r
1+ 219! (¢)
_ r
t ! p !
1= P
r(/)X (c)+ p oy (c)
ch o DU
o p—0" thi —> 0", tic 1a ¢ > 0.
r
Khi g6
r L r
lim g o (1)= ; ! =|
RS =S¢, (0)| | Z=-ir
r m
Vaykhi p — 0" thi E%( )%g.

H§ qud 3.3 Gia sit {X,,n>1} 1a ddy cac bién
ngau nhién nhéan gia tri khong am, doc lap, cing
phan phdi voi bién ngdu nhién X va ky vong hiru
han E(X)=m <+o0. Khi d6 véi p—0" thi

S,

By Lmedo 2= Exp( )

Nhdn xét 3.4 HE qua 3.3 da du’gc chimg minh
boi Kalashnikov (1997). Ta nhén thay rang dinh ly
3.3 1a sy tong quat hoa cho két qua nam 1997 cia
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Kalashnikov khi xét cho r 1a mot s6 nguyén
duong bat ky.

Dinh Ii 3.4 Gia st { X,,n>1} 1a day cac bién

ngiu nhién doc 1ap, cing phan phdi chudn tic
(X, ~ N(0,1),j=1,2,...), ~ NB(r, p)va
G ~ Gamma(r,r). bat S; =X} +X; +...+X§.
Khi d6, néu p — 0" thi

2
S§

E(S)

Chtrng minh.

ol

Tacé X, ~ N(0,1) nénsuy ra ij. ~ 27X ), ©

d

—453.

Ta co

7

(pg* (t)_

r—it

day (1) 1a phan phdi Chi binh phuong véi bac
tu do 1, nhu vay ta x4c dinh dugc ham dic trung

1
J1-2it

Ta ¢6 ham dic trung cta S; 1a

cia X la Py ()=

p(pr (t)
Ps: (6)=v. [(p)‘f (t)] - 1-(1-p)e,. (1)
x)
S:
Suy ra ham ddc trung cta la
E(S)

m

» sé (t) = (/)52

)

) 1-(1-p)e,. (pt)
i\r
h-2il¢+1-p
= r .
222t p
.
Khi cho p—0", ta duge
o . (1)>]—| =0 ()
8¢ r—it g
E(S)
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H¢ qud 3.4 Gia sit {X,n>1} 1a ddy cac bién
ngau nhién doc lap, cing phan phéi, X, ~N (0,1)
va Z" ~ Exp(l). Khi do,néu p — 0 thi
p(X]+ X, +.+ X)) 57"

Nhin xét 3.5 Hé qua 3.4 d3 dugc chirng minh
boi Tran Loc Hung er al., 2008. RS rang két qua
nam 2008 cua nhom tac gia nay la mot truong hop
dac biét cua dinh 1y 3.4 khi xétcho r =1.

3.3 Bai toan xip xi Laplace

Dinh nghia 3.4 Bién ngau nhién £ dugc goi
1a ¢6 phan phdi Laplace, ki hiéu £ ~ L(m,a, o),
néu £ c6 ham dic trung dugc xac dinh nhu sau:
imt

e .
=, trong d6 o >0,m,a,t €R.

. (1)= =
1—iat+——

Sé a duoc goi la tham s6 dbi xung. Néu a =0 thi
L(m,0,0) dugc goi la phan phdi Laplace d6i
xung.

Pinh Ii 3.5 Gia st { X

n’

nz 1} 1a day cac bién

ngau nhién doc 1ap va cung phan phdi véi bién

ngiu nhién X, voi XN££()’\/ZCI’O-J. Goi
r

¢ ~ NB(r,p) va doc lap véi cac bién ngiu

Sé“
——~L,5 day

E($)

nhién X, ,n>1. Khi do,

L=L+L +..+Lva

a o
L.~ Laplace(0,—,—), j=12,...r.

Chtrng minh.

Ta c6 ham dic cta X 1a

1

(DX(t): 2,2°
1—1'\Fat+(”
r 2

trung cua S, 1a

trung

Khi d6 ham dic
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o5, ()=w:[o:(1)] 2{1—(11?—(0;)(2;{ (f)}

I3

4
2.2
p—i\/;at+6t
r 2

Suy ra ham ddc trung cta

ool

S;

VE(S)

la

E({)
1 r
= = t
o E[c%( )
1-i— /
r 2r
S
Vay <~ L.

Khi =1 va a =0 tanhan duoc hé qua sau:
H§ qud 3.5 Gia st {X,,n>1} la ddy cac bién
ngiu nhién doc 1ap va cing phan phdi véi bién

ngiu nhién X, véi X ~ £(0,0,0) va doc 1ap véi

|4
~

Ne)

Nhin xét 3.6 H¢ qua 3.5 dd duoc ching minh
trong Trinh Hru Nghiém va L& Trudong Giang,
2016.

bién ngau nhién v. Khi do, L,5 day

L ~ Laplace(0,0,0) .

Dinh i 3.6 Cho {X, ,n>1} 1a mot diy cic

biff:n ng?u} nhién doc lap, cung phan phdi voi
bién ngau nhién x, véi EX)=0 va

E(X*)=0" <+w. Pit ¢ ~ NB(r,p) doc lap
voicae X, ,n>1.Khido,véi p—> 0" thi
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S*
¢ 4 5[ trong do Sz = g [Xi +\/;aJ
JVE) i=l r

va L=L+L, +...+L véi

a o
L.~ Laplace| 0,—,— |,j=12,...,r.
e ( : J?J !

Chtrng minh.
bt W:X+\/Za va goi @, (t) 1a ham
r
dic trung ctia W, khi d6 ham dic trung cua S; 1a
PPy (t) '
o.(t)=v. |0, (t)]|= .
Sg() §|: W()] {1_(1_p)¢w(t):|

S

E(S

Suy ra ham déc trung cia duogc xac

5

dinh nhu sau:

¢ 5 (1)=0, {\/%t]:

VE(G)

r

r, pt’
0)+.[Zte, (0)+L£—
2y ( )‘H/rt(pw( )+ (<)
P pt’
144, [ B (w)+ 2
+i rl (w)+ > oy ()

pat pt®
= l+ﬂ+[;—rgow(c),

trong d6 ¢ nam gitra 0 va A fgt
r

Do do,

3
I~
~ s
N’
1]
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I

ipat pt~ ,
i r " 2r " (c)]
I ipat pt2 " '
1 P
_ L v (€)
iat ipat ptt
| P s L P
r - r 2r " (c) 2r Pw (c)

Do p — 0", dan dén ‘/£1—>0+ nén suy ra
r

¢ — 0. Khi d9,
]}ij{)}(p St (1) = iatl o’t’ s c (1)
JE) 11—+ ; 7
r 2r

Ta dé dang kiém tra thdy rang Q)zn . () 1a
j=1

ham dac trung cuatong £, + L, +---+ L.
Khi » =1 va a =0 ta nhan dugc hé qua sau:
H§ qud 3.6 Gia st {X,,n>1} la day cac bién

ngau nhién doc 1ap, cing phan phdi voi bién ngiu
nhién X v6i E(X)=0 va phuong sai

Var(X) =0’ <. Gia st X, (i 21) doc lap voi V.
%
Khi do, véi p— 0" thiy/pS, —L> £, trong do

L ~1(0,0,0).
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Nhéan xét 3.7 H¢ qua 3.6 da dugc chiing minh
trong Trinh Hiru Nghiém va Lé Truong Giang,
2016. Nhu vay, dinh 1y 3.6 1a mo rong dang ké khi
giai quyét bai toan xap xi Laplace ¢ truong hop
tong quat hon thay vi chi giéi han cho truong hop
dbi xtimg (a = 0) nhu cac két qua cua nhom tac gia
da cong bd nam 2016.

4 KET LUAN

Ap dung phuong phap ham dac trung, tung bai
toan néu ra ¢ trén da 1an luot dwoc giai quyét. Cac
két qua nhan duoc 1a sy mo rong va khai quat hoa
mot sb két qua da co6 trong Kalashnikov, 1997;
Tran Loc Hung et al., 2008; Tran Loc Hung and
Tran Thien Thanh, 2010; Trinh Hiru Nghiém va Lé
Trudng Giang, 2016. Cy thé nhu sau:

Trong bai toan xap xi Poisson phtrc hop, thay vi
xét chi s6 cua tong ngiu nhién 1a mot bién nhi thirc
(téng cac b1en Bernoulli ¢6 cung phén pho1) thi
truong hop tong quat hon véi chi sb cua téng la
bién Poisson — Binomial (tong cac blen Bernoulli
khong ciing phan phdi) da duge gidi quyét.

Trong bai toan x4p xi Gamma, véi nhan xét khi
r =1 thi phan phdi nhj thirc 4m chinh 1a phan phoi
hinh hoc va phan phdi Gamma chinh la phan phéi
mi, thay vi xét sy hdi tu cua tong ngau nhién véi
chi sb cua téng 1a bién hinh hoc tién t6i phan phéi

S
mil v _d,,

E(v)
bai toan véi chi s6 ciia t(;)n,g la phan phéi nhi thtc
am va c6 sy hoi tu dén phan phoi Gamma

S
¢ N
E(¢)

thi cac tac gia da giai quyét

Trong bai toan xap xi Laplace, ngoai viéc thay
chi s cua tong ngiu nhién tir bién hinh hoc thanh
bién nhi thic 4m, & truong hop téng quat hon
(khong nhat thiét phai co tinh dbi xtmg hay a =0)
cling dugc giai quyét va nhan duoc cac két qua 1a
sw mo rong va khai quat hoa mot s két qua da
biét.

Huéng phat trién ctia van dé nghién ciru 1a dénh
gia toc do hoi tu cta cac bai toan xap xi nhu da néu
& phan trén bang phuong phap ham dac trung;
dong thoi xem xét dén tinh phy thugc cua cac bién
ngiu nhién ma cuy thé 1a dang m-phy thude.
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